We characterize composite double torus knots and links, 2-string composite double torus knots.
Theorem 1.1. Let L be a double torus knot or link in S
3 . Then L is 1-string
composite if and only if L is either (i) a cabled Hopf link as a connected sum of Hopf links, (ii) a connected sum of a cabled Hopf link and a 2-bridge knot, where the connected sum is performed at C or (iii) a connected sum of two torus links.
Next, we treat 2-string composite double torus knots. But, if we restrict for essential tangle decomposing spheres to intersect all components of double torus links, then we can treat 2-string composite double torus links simultaneously. Roughly speaking, the characterization is proved by showing the following Theorem. To describe this more precisely, we prepare some terms and notations as follows. First, let L be a 2-component torus link on an unknotted torus T in S 3 whose components are non-trivial knots. Let γ be an arc in T which connects two components of L. Let N be a small regular neighborhood of γ in S 3 such that N ∩ T is a disk properly embedded in N and N ∩ L are two arcs. Put B p = cl(S 3 − N ),
Then we denote the set consisting of all the triplets (B p , F p , t p ) such as above by Ξ p . Next, let K 1 and K 2 be torus knots on an unknotted torus T in S 3 such that K 1 intersects K 2 in a single point and at least one of K 1 and K 2 is non-trivial knot. Let N be a small regular neighborhood of and B 2 be the closure of components of S 3 − S, and put 
By noting that a knot is a simple closed curve in S 3 , we have;
Since (S

3
, F, K) as in Corollary 1.4 has a factor in Ξ p , we have the next corollary.
Corollary 1.5. Hyperbolic double torus knots are 2-string prime.
Preliminaries
Lemma 2.1. Let L be a tangle composite link in
Proof. Suppose that S 3 −L is reducible and let P be an essential 2-sphere in 
Proof. Suppose that a component P i of S ∩ V i is compressible in V i , and let D be a compressing disk for P i . By exchanging P i and D if necessary, we may assume
and an isotopy of S along C reduces |S ∩ F |. This contradicts the minimality of |S ∩ F |. Suppose that a component P i of S ∩ V i is parallel rel.∂P i to a surface Q in ∂V i . By exchanging P i and Q if necessary, we may assume that by Lemma 6.1 in [Mo2] ,
Lemma 2.4. Let L 0 be a tunnel number one knot in S 3 , and let L be a link in
Proof. Suppose that L is n-string composite for some n, and let S be an n-string tangle decomposing sphere for L. 
We can regard S as a tangle decomposing sphere for L 0 . Since L 0 is n-string prime for all n by Corollary 1.2 in [GR] 
. Both cases contradict the property of S.
Composite double torus links
In this section, we prove Theorem 1.1. Let L be a 1-string composite link contained in a genus two Heegaard surface F of S 3 , and let S be the decomposing 
| is minimal over all 1-string tangle decomposing spheres isotopic to S. Since L is non-splittable by Lemma 2.1,
on S, and δ be the corresponding innermost disk in S. Then δ is a meridian disk of N (K 1 ), say, since L 0 is non-splittable, and ∂δ intersects a component l of L in one point. Moreover by Lemma 2.2, S ∩ N (K 1 ) is incompressible in N (K 1 ), and hence S ∩N (K 1 ) consists of two meridian disk of N (K 1 ). Thus loops of S ∩∂N (L 0 ) are nested in S, and each of the two innermost loops intersects l in one point. The component l is isotopic to 
isotopic to the core of N (K 2 ). Then the annulus A shows that K 2 is isotopic to the meridian loop of K 1 , and L − l is isotopic to disjoint meridian loops on ∂N (K 1 ). If L 0 is the Hopf link, then we obtain the link of type (1). Otherwise, L is of type (2).
If F − L is incompressible in S 3 − L, then we may assume that S ∩ F consists of a single loop. Then S decomposes F into two unknotted once punctured tori. Hence L is of type (3).
This completes the proof of Theorem 1.1.
2-string composite double torus knots
First we will show the "only if" part. Let (V 1 , V 2 ; F ) be a genus two Heegaard splitting of S 3 and L a knot or link contained in F . By the hypothesis of Theorem 1.3, there is a 2-sphere S which gives an essential 2-string tangle decomposition
Then by Lemma 2.3, there is a tunnel number one knot or link
. Then, we can regard S as an essential tangle decomposing sphere for the tunnel number one link L 0 . We note that S intersects both components K 1 and K 2 of L 0 . But this contradicts Theorem 1.4 in [GR] .
So hereafter we suppose that F − L is incompressible in S 3 − L. We suppose that |S ∩ F | is minimum among all 2-spheres ambient isotopic rel.L to S. Then, by Lemma 2.5, we have the following two cases. In Case I, let the components of ( be annuli in S with Figure. 1). We divide Case I into the following two subcases. In Subcase I-a, without loss of generality we may assume that D + is an essential separating disk in V 1 . Let V 11 and V 12 be the components of
Without loss of generality we may assume that A 2 ⊂ V 11 . Then by Lemma 3.2 (i) in [Ko] , A 2 is a union of an essential separating disk D and a band b, and cuts off a solid torus V from V 1 which does not intersect D + . Note that the band b winds around V at least once because A 2 is incompressible in V 1 . If b winds around V exactly once, then A 2 is ∂-parallel in V 1 and violates Lemma 2.5. Hence b winds around V p times for some p > 1.
This shows that the 3-sphere S 3 has a lens space as a connected summand. Finally, we remark that this argument is essentially contained in Proposition 1.3 in [Mo2] .
Hence, without loss of generality we may assume that D − is an essential disk in
If D − is essential in V 11 , then we can find a loop α in intV 11 which intersects D − in a single point. Hence α intersects the 2-sphere S in a single point. Thus Proof. Let A be an annulus in S cobounded by C + and C − . Then by Lemma 2.5, A is incompressible in V 2 . Therefore both homomorphisms π 1 (A) → π 1 (B 1 ∩V 2 ) and π 1 (A) → π 1 (B 2 ∩V 2 ) induced by the inclusion maps are injective. Hence π 1 (B 1 ∩V 2 ) is a subgroup of π 1 (V 2 ), hence free. Thus cl(B 1 − W ) is a solid torus, and this shows that (B 1 , t 1 ) is inessential.
Hence Subcase I-a does not occur. In Subcase I-b, without loss of generality we may assume that D + is a non- First, we deal with the case that n is odd, in other words,
Claim 3.4. n = 1 (in other words,
Proof. Suppose n ≥ 3. Then by Claim 4.2, there is an annulus A in ∂V 1 which is cobounded by C − and some C i , and intA ∩ S = ∅. Since C − intersects L in two points and C i does not intersects L, A ∩ L is an inessential arc properly embedded in A. Hence there is a disk D in A which is bounded by A ∩L and an arc in ∂A, and
, and violates the definition of S.
Let P be a component of
Since C + , C 1 and C − are not mutually parallel, P is a planar surface with three boundary components C + , C 1 and C − . By the reason similar to the the Proof of Lemma 2.11, the components l 1 and l 2 of P ∩ L are essential arcs properly embedded in P . Hence both l 1 and l 2 connect C + and C − , and there is a disk δ in P bounded by l 1 , an arc in C + , l 2 and an arc in C − . This assures us that we can find a disk D in V 1 such that From the above discussion, hereafter we suppose that n is even, in other words, Proof. If they are not so, the only component of
Then since each component of S ∩ V 1 is incompressible in V 1 , intB ∩ S = ∅. Hence S does not separete S 3 , a contradiction.
Claim 3.6. n ≥ 2.
Proof. Suppose that n = 0, in other words, 
